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Quasi-Einstein and Generalized Quasi-Einstein Warped 
Products with an Affine Connection 
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Abstract 

In this paper, we study the quasi-Einstein and generalized quasi-Einstein warped products 
with a semi-symmetric non-metric connection. We give the expressions of the Ricci tensors 
and scalar curvatures for the bases and fibres. In some cases we give some obstructions to 
the existence of the quasi-Einstein and generalized quasi-Einstein warped products with a 
semi-symmetric non-metric connection. 
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1 Introduction 

The warped product B Xf F of two Riemannian manifolds (B^b) and (F,gp) with a smooth 
function / : B —> (0, oo) is a product manifold of form B x F with the metric tensor g = gs® f 2 9F- 
Here, (B,gs) is called the base manifold and (F,gp) is called as the fiber manifold and / is called 
as the warping function. The concept of warped products was first introduced by Bishop and 
O’Neill in [1] to construct examples of Riemannian manifolds with negative curvature. In [2], F. 
Dobarro and E. Dozo had studied the problem of showing when a Riemannian metric of constant 
scalar curvature can be produced on a product manifolds by a warped product construction. In 
[3], M.C. Chaki and R.K. Maity introduce the notion of quasi-Einstein manifold. Then the notion 
was generalized to generalized quasi-Einstein manifold in [4]. Later in [5], Dan Dumitru give some 
obstructions to the existence of quasi-Einstein warped products. 

The definition of a semi-symmetric metric connection was given by H. Hayden in [6]. In 1970, K. 
Yano in [7] considered a semi-symmetric metric connection and studied some of its properties. In 
[8] and 9], Agashe and Chafle introduced the notion of a semi-symmetric non-metric connection and 
studied some of its properties and submanifolds of a Riemannian manifold with semi-symmetric 
non-metric connections. Then in [10], S. Sular and C. Ozgih studied the curvature of warped 
products with a semi-symmetric non-metric connection. 
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This paper is arranged as follows. In Section 2, we give the curvature of warped products 
with a semi-symmetric non-metric connection. In Section 3, we compute Ricci curvature and 
scalar curvature of quasi-Einstein warped products with a semi-symmetric non-metric connection, 
then we prove some obstructions to the existence of quasi-Einstein warped products with a semi- 
symmetric non-metric connection. In Section 4, we compute Ricci curvature and scalar curvature 
of generalized quasi-Einstein warped products with a semi-symmetric non-metric connection, then 
we prove some obstructions to the existence of generalized quasi-Einstein warped products with a 
semi-symmetric non-metric connection. 

2 Preliminaries 

Let M be a Riemannian manifold with Riemannian metric g. A linear connection V on a 
Riemannian manifold M is called a semi-symmetric connection if the torsion tensor T of the 
connection V 

T(X,Y) = V x Y-VyX-[X,Y\ (1) 

satisfies 

T(X,Y) = n(Y)X-n{X)Y (2) 

where n is a 1-form associated with the vector field P on M defined by ir(X) = g(X,P). V is 
called a semi-symmetric metric connection if it satisfies Vg = 0. V is called a semi-symmetric 
non-metric connection if it satisfies Vg ^ 0. 

If V is the Levi-Civita connection of M, the semi-symmetric non-metric connection V is given 
by 

VxY = V x Y + 7 t{Y)X. (3) 

(see [8]). Let R and R be the curvature tensors of V and V, respectively. Then R and R are 
related by 

R(X, Y)Z = R(X, Y)Z + g(Z, V X P)Y - g(Z , V Y P)X + v(Z)[v(Y)X - n(X)Y] (4) 
for any vector fields X,Y,Z on M, where the curvature R is defined by R(X,Y) = V x Vy — 

VyVx — V[_y,Y]. 

We define the Ricci curvature and scalar curvature as follows: 

Ric(X,Y) =J2ek(R(X,E k )Y,E k ), 

k 

S = Y^e k Ric(E k ,E k ), 

k 

where Ej- is an orthonormal base of M with (Ek,Ek) = £k, £k = ±1. 

The Hessian of / is defined by H^(X,Y) = XYf — (' V x Y)f , 

The Laplacian of / is defined by A/ = —Tr(H^), 

The divergence of P is defined by divP = £ k(VE k P, Ek). 

Definition 2.1. Let {B^b) and (F,gp) be two Riemannian manifolds, dimR = n\ and dimE = 
ri 2 , / : B (0,oo) be a smooth function. The warped product M = B x f F is the product 
manifold B x F with the metric tensor g = gs © The function f is called the warping 

function of the warped product. The warped product is called a simply Riemannian product if 
f is a constant function. 
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Definition 2.2. A non-flat Riemannian manifold (M, g) is said to be a quasi-Einstein manifold 
if its Ricci tensor Ric M satisfies the condition Ric M (X,Y) = ag(X,Y) + bA(X)A(Y) for every 
X,Y £ T(TM), where a,b are real scalars and A is a non-zero 1-form on M such that A(X) = 
g(X,U ) for all vector field X £ T{TM), U being an unit vector field which is called the generator 
of the manifold. If b = 0 then the manifold reduces to an Einstein space. 

Definition 2.3. A non-flat Riemannian manifold ( M,g ) is said to be a generalized quasi- 
Einstein manifold if its Ricci tensor Ric M is non-zero and satisfies the condition Ric M (X,Y) = 
ag(X, Y) + bA(X)A(Y) + cB(X)B(Y ) for every X, Y £ T(TM), where a, b, c are real scalars and 
A, B are two non-zero 1-form on M. The unit vector fields U\ and U 2 corresponding to the 1-forms 
A and respectively B are defined by A(X) = g{X,U \), B(X ) = g(X,U 2 ), and are orthogonal, i.e. 
g(U \, Uf) = 0. If c = 0 then the manifold reduces to a quasi-Einstein manifold. 


We need the following two lemmas from [10]: 


Lemma 2.4. Let M = B x f F be a warped product with metric g = gs 
T(TB), U,V,W £ T{TF) and P £ T(TB), then 
(1 )R(X, Y)Z = R B (X, Y)Z; 

(2 ) R{V,X)Y = - h b { -J’ y) V - g(Y, X x -P)V + tt(X)tt(Y)V; 

(3 ) R{X, Y)V = R(V, W)X = 0; 

(4 ) R(X, V)W=-g(V,W) 

}grad B fl% 


f 2 g F . If X,Y,Z £ 


wf (grads f) , P.f y 
f + / 


(5 )R(U, V)W = R b (U, V)W - 


P 


El 

f 


g(V,W)U - g{U,W)V 


Lemma 2.5. Let M = B x f F be a warped product with metric g = gs 
T(TB), U,V,W £ T(TF) and P £ T(TF), then 
(1 )R(X, Y)Z = R B (X,Y)Z; 


f 2 g F ■ If X,Y,Z £ 


(2 )R(V,X)Y = - h bXXI v _ ^v^llx- 
(3 )R{X, Y)V = tt(V) [ZfY - ?±X\ ; 

(4) R{V,W)X = Zf[Tt{W)V - n{y)W]\ 

(5 ) R(X, V)W = -g(V, W) V * {9r f adBf) + ^n(W)V - g(W. , V y P)X + ir(W)n(V)X; 

(6 )R(U, V)W = R f (U , V)W - \ grad f * f & [ g (V, W)U - g{U , W)V) + g(W, X v P)V - g(W., X V P)U 
+ tt{W)[tt{V)U - n(U)V]. 

Let Ric be the Ricci curvature of V, then by Lemma 2.4, 2.5 and the definition of the Ricci 
curvature, we can get: 

Lemma 2.6. Let M = B x f F be a warped product, dimP = ni,dimP = 712 , and dimM = n = 
m +n 2 . If X,Y £ T(TB), V,W £ T(TF) and P £ T(TB), then: 


(1 )Ric(X, Y) = Ric {X, Y) + n 2 
(2 )Rfc{X, V ) = Rlc{V, X) = 0; 




+ g(Y,VxP)-ir(X)Tr(Y) 


(3 )Ric(V,W) = Ric F (V,W ) + { - ^ + (n 2 - 1 + (n - l)f£}g(V, W). 


Lemma 2.7. Let M = B x f F be a warped product, dimP = ni,dimP = n 2 , and dimM = n = 
m +n 2 . If X,Y £ T(TB), V,W £ r(TF) and P £ T(TF), then: 
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(1 )Ric(X, Y) = Ric B (X , Y ) + n 2 H * [ f Y) ■ 

(2)m(X,V) = (n-l)Tr(V)^-, 

(3 )Ttic(V,X) = (1 -n)n{V)^; 

(4 )Ttic(V, W ) = Ric F (V., W) + g(V, W) - 

+ (1 — n)7r(V)7r(W^). 


Ab/ + (rt 2 _ 1 ) lg^B/| f 


+ (n-%(W,WP) 


Let S be the scalar curvature of V, then by lemma 2.6, 2.7 and the definition of the scalar 
curvature, we have the following: 

Lemma 2.8. Let M = B x f F be a warped product, dimP = ni,dimP = ri 2 , and dim M = ri = 
n\ + n 2 . If P € r(TP), t/ien t/ie scalar curvature S has the following expression: 

c c s o A ^/ , ^ , , ^Israds/H , ^P/ D 

o = o - 2n 2 — 7 -b - 75 - + n 2 (n 2 - 1)- 75 -bra 2 (ra-l) —-- n 2 n(P) + n 2 dtv B P. (5) 

if f f 

Lemma 2.9. Let M = B x f F be a warped product, dimP = m, dimP = n 2 , and dimM = n = 
n\+n 2 - If P GT(TF), then the scalar curvature S has the following expression: 

S = S B - 2n 2 —j^- + ^ 5 - + n 2 (n 2 - 1) ^ ra( [ F ^ B + (1 - n) 7 r(P) +(n— 1 )div F P. ( 6 ) 

/ f 2 f 2 


3 Quasi-Einstein warped products with a semi-symmetric non-metric 
connection 


3.1 Ricci curvature and scalar curvature 


In this section, we compute Ricci curvature and scalar curvature of quasi-Einstein warped 
products with a semi-symmetric non-metric connection. 

Proposition 3.1. Let M = B xf F be a quasi-Einstein warped product, dimP = n\, dimP = 
n 2 , dimM = n = m +n 2 , X,Y &T(TB), V,W S T(TP), and P G T(TP). 

1) IfU G T(PP), tfien 


Pic (X,F) = ag B {X,Y) - n 2 


Ric F (V,W) = g F (V, W) [fA B f + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 ]. 

2) IfU € r (TP), then 

'PP B (X, F) = a 5 B (X, F) - n 2 [ g ° ( } Y,V) + fl(F, V*P) - 7 t(X) 7 t(F)], 

Ric F (V, W) = 0 F (V, IF) [/A s / + (1 - n 2 )| 5 rad B /|| + (1 - n)fPf + af 2 ] 
+ bf 4 g F (V, U)g F (W, U). 




+ g(Y, X x P) - 7 r(X) 7 r(y) + bg B (X, U)g B (Y , P), 


(7) 


( 8 ) 


Proof. 1) Since M is quasi-Einstein, we have Ric(X,Y) = ag B (X,Y) + bg B (X,U)g B (Y,U), then 
use Lemma 2.6(1) we get the first equation of (7). 

Since M is quasi-Einstein, we have Ric{V , W) = af 2 g F (V, W) + bg(V, U)g(W., U) = af 2 g F (V, W), 
then use Lemma 2.6(3) we get the second equation of (7). 
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2) Since M is quasi-Einstein, we have Ric(X,Y) = ag B (X,Y) + bg(X,U)g(Y,U) = ag B (X,Y), 
then use Lemma 2.6(1) we get the first equation of (8). 

Since M is quasi-Einstein, we have Ric(V,W) = af 2 gp{V,W) + bf 4 gF{V,U)gF(W,U), then use 
Lemma 2.6(3) we get the second equation of (8). □ 

Using the same method, we can get the following Proposition: 

Proposition 3.2. Let M = BxfF be a quasi-Einstein warped product, dim!? = n\, dirnP = 
n 2 , dimM = n = m+n 2 , X, Y £ T{TB), V,W £T(TF), and P £T{TF). 

1) IfU £ T(TB), then 

{ Ric B (X , Y) = ag B (X , Y) - + bg B (X , U)g B (Y, U), 

l Ric F (V , W) = g F (y, W) [fAsf + (1 - n 2 )\grad B f || + af 2 ] + (1 - n)g(W, V v P ) (9) 

+ (n — 1)7t(U)7t(1U). 

2) IfU £ T(TF), then 

{ Ric B (X, Y) = ag B (X, Y) - n 2 H * ( f Y) , 

l Ric F {V ., W) = g F {V, W) [/A s / + (1 - n 2 )\grad B f\ 2 B + af 2 ] + (1 - n)g(W, VyP) (10) 
{ + (n - l)7r(V)7r(W) + bf 4 g F (V ., 17). 

By Lemma 2.8, Proposition 3.1 and the definition of scalar curvature, we have: 

Proposition 3.3. Let M = B xf F be a quasi-Einstein warped product, dim!? = n\, dimP = 
n 2 , dim M = n = m+n 2 , X, Y £ T(TB), V, W £ T(TF), and P £ T(TB). 

1) IfU £ F(TB), then 

! S M =na + b-, 

S B = n\a + n 2 -^- — n 2 div B P + n 2 ir(P) + b; (11) 

S F = n 2 [/As/ + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 ]. 

2) IfU £ r {TF), then 

! S =na + b ; 

S B = ma + n 2 -^- ~ n 2 div B P + n 2 Tr(P); (12) 

S F = n 2 [/As/ + (1 — n 2 )\grad B f\ 2 B + (1 — n)fPf + af 2 ] +bf 2 . 

Similarly we have: 

Proposition 3.4. Let M = B x f F be a quasi-Einstein warped product, dim!? = n\, dimP = 
n 2 , dimM = n = m +n 2 , X,Y £T(TB), V,W £T(TF), and P £T(TF). 

1) IfU £ r (TB), then 

—M 

S =na + b ; 

< S B = n\a + n 2 ^jf- + b; 

S F = n 2 [/As / + (1 - n 2 )\grad B f\ 2 B + af 2 ] + (1 -n)div F P + (n — 1)7r(P). 


(13) 





(14) 


2 ) If U £ T(TF), then 

{ S =na + b; 

S B = rii a + n 2 -^-; 

S F = n 2 [fA B f + (1 - n 2 )\grad B f\ 2 B + a/ 2 ] + (1 - n)div F P + (n - l)n(P) + bf 2 . 

3.2 Obstructions to the existence of quasi-Einstein warped products 
with a semi-symmetric non-metric connection 

In this section, we prove some obstructions to the existence of quasi-Einstein warped products 
with a semi-symmetric non-metric connection. We consider the following four cases: 


3.2.1 When P 6 F(TB), U <5 T(TB). 


In the second equation of (7), let: 

/A s / + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + a / 2 A ai . 


(15) 


Then the equation (7) becomes: 


Pic (X,Y) = ag B (X,Y) — n 2 
m F (V,W)=a igF (V,W), 


H f n ( X,Y) 

f 


+ g(Y,V x P)-7r(X)7T(Y) 


fA B f + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + a / 2 = cm 


+ bg B (X, U)g B (Y, U), 


(16) 


Theorem 3.5. Let M = Bx fF be a quasi-Einstein warped product with B compact and connected, 
dimS = ni Js 1, dimE = n 2 ^ 2, dim M = n = ni + n 2 , P £ T(TB) and U £ T(TB). If 
ni = 1, div B P = ci and i r(P) = c 2 are both constants, then M is a sample Riemannian product. 


Proof. If ni = 1, then S B = 0, by the second equation of (11) and div B P = ci, 7 r(P) = c 2 we can 
get 


0 = a + n 2 


A B f 


— n 2 Ci + n 2 c 2 + b 


A B f 


= Ci - c 2 - 


a + b 


f f n 2 

Then the Laplacian has constant sign and hence / is constant. 


- co => A B f = c 0 /. 


□ 


Theorem 3.6. Let M = Bx fF be a quasi-Einstein warped product with B compact and connected, 
dimB = n\ ^ 2, dimE = n 2 ^ 2, dimAf = n = n\ + n 2 , P £ T(TB) and U £ Y(TB). If a ^ 0 
and Pf ^ 0, then M is a sample Riemannian product. 


Proof. Let z £ B such that f(z ) is the maximum of / on B. Then grad B f (z) = 0 and A B f(z) > 0 . 
So Pf(z) = g(grad B f(z),P) = 0. Writing the equation (15) in the point 3 we obtain: 

f(z)A B f{z) +af 2 (z) = m. (17) 

By equations (15) and (17), we have: 

f(z)A B f(z)+af 2 (z) = fA B f + (1 — n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 
=> fA B f = f(z)A B f(z) + (n 2 - l)\grad B f\ 2 B + (n- 1 )fPf + a[f 2 (z) - f 2 ] >0 
Then the Laplacian has constant sign and hence / is constant. □ 
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Theorem 3.7. Let M = Bx fF be a quasi-Einstein warped product with B compact and connected, 
dim_B = 7ii ^ 2, dimT = n 2 ^ 2, dimM = n = n\ + ri 2 , P £ T(Ti?) and 17 £ r(TB). If 

—F 

a < 0, Pf ^ 0, and S ^ 0, i/ien M is a sample Riemannian product. 

_ F _ F 

Proof. From the third equation of (11) and the equation (15), we get S = n 2 a\. Since S ^ 0, it 
follows that c*\ ^ 0. Then the equation (15) becomes: 

/A s / + a/ 2 = ai + (n 2 - l)\grad B f\ 2 B + (n - 1 )fPf ^ 0 

=► /As/ + a/ 2 > 0 =* A s / ^ -af > 0. 

So / is constant. □ 

3.2.2 When P E T(TB), U E T(TF). 

Theorem 3.8. Let M = Bx fF be a quasi-Einstein warped product with B compact and connected, 
dimB = ni ^ 1, dimF 1 = n 2 ^ 2, dimAf = n = ni + n 2 , P £ T(TB) and U £ T(TF). If 
7ii = 1, div B P = ci and i r(P) = c 2 are both constants, then M is a sample Riemannian product. 

Proof. If ni = 1, then S B = 0, by the second equation of (12) and div B P = Ci, n r(P) = c 2 we can 
get 

n i A B f ^Elf eL £ , a r r 

0 = a + n 2 —j - ^2Ci + n 2 c 2 =>■ —— = Ci - c 2 -= c 0 => A B / = c 0 f. 

f f n 2 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 3.9. Let M = B x f F be a quasi-Einstein warped product, dimi? = ni ^ 2, dimF 1 = 
n 2 ^ 2, dim M = n = n\ + 712 , P £ T(TB) and U £ T(TF). If b 0, then M is a sample 
Riemannian product. 

Proof. Consider in the second equation of (8) that V, W are orthogonal vector fields tangent to F 
such that gM{V , U) 0, and gM(W, U ) ^ 0. Then g F (V, W) = 0, and we have 

RTc F (V, W) = bf A g F (V, U)g F (W, U). (18) 

Taking in consideration the different domains of definition of the functions that appear in the 
equation (18), we obtain that / is constant. □ 

3.2.3 When P E T(TF), U E F(TB). 

In the second equation of (9), let: 

/As/ + (1 - n 2 )\grad B f\ B + af 2 = a 2 . (19) 

Then the equation (9) becomes: 

f Wc B (X, Y ) = ag B (X, Y) - n 2 H * { f Y) + bg B (X, U)g B (Y, U), 

< TUc F (V, W) = a 2 g F (V, W) + (1 - n)g(W, V v P ) + (n - 1 )tt(V)tt(W), (20) 

[/As/ + (1 - n 2 )\grad B f\ 2 B + af 2 = a 2 . 
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Theorem 3.10. Let M = B x f F be a quasi-Einstein warped product with B compact and con¬ 
nected, dim!? = n\ ^ 1, dimT = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TF ) and U £ T(TB). If 
n\ = 1, t/ien M is a sample Riemannian product. 

Proof. If ni = 1, then S B = 0, by the second equation of (13) we can get 

n , A B / , A B / a + b A A f J. 

0 = a + n 2 — - h 0 =>• —— = - = Co =>• A B J = c 0 f. 

f f n 2 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 3.11. Let M = B x f F be a quasi-Einstein warped product with B compact and con¬ 
nected, dim!? = ni ^ 2, dimT = n 2 ^ 2, dimM = n = n 1 + n 2 , P £ T(TF ) and U £ T(TB). If 
a ^ 0, then M is a sample Riemannian product. 

Proof. Let z £ B such that f(z) is the maximum of / on B. Then grads f{z) = 0 and A Bf{z) > 0. 
Writing the equation (19) in the point z we obtain: 

f(z)A B f(z)+af 2 (z) = a 2 . (21) 

By equations (19) and (21), we have: 

f(z)A B f(z) + af 2 (z) = fA B f + (1 - n 2 )\grad B f\ 2 B + af 2 

=> /A s / = f(z)A B f(z) + (n 2 - l)\grad B f\ 2 B +a[f 2 (z) - f 2 ) > 0 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 3.12. Let M = B x f F be a quasi-Einstein warped product with B compact and con¬ 
nected, dim!? = ni ^ 2, dimT = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TF) and U £ F(TB). If 
a < 0, div B P = 0, 7 r(P) = 0, and S F ^ 0, then M is a sample Riemannian product. 

Proof. Consider that cUvfP = 0, 7 r(P) = 0, then from the third equation of (13) and the equation 
(19), we get S F = n 2 a 2 . Since S F ^ 0, it follows that 0:2 > 0. Then the equation (19) becomes: 

fA B f + af 2 =a 2 + (n 2 - l)\grad B f\ 2 B ^ 0 => fA B f + af 2 ^ 0 => A B f > -af > 0. 

So / is constant. □ 

3.2.4 When P £ T(TF), U € T(TF). 

Theorem 3.13. Let M = B x f F be a quasi-Einstein warped product with B compact and con¬ 
nected, dim!? = ni ^ 1, dimT = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TF) and U £ F(TF). If 
ni = 1, then M is a sample Riemannian product. 

Proof. If ni = 1, then S B = 0, by the second equation of (14) we can get 

r, , A B f A B f a a \ p j, 

0 = a + n 2 —-— => —— =-= c 0 =>■ A B f = c 0 f. 

f J n 2 


Then the Laplacian has constant sign and hence / is constant. 


□ 







Theorem 3.14. Let M = B x f F be a quasi-Einstein warped product, dim!? = n\ ^ 2, dimP = 
ri2 ^ 2, dimM = n = n\ + ri2, P £ T(TF) and U £ T(TF). If b ^ 0, and P is parallel on F with 
respect to the Levi-Civita connection on F, then M is a sample Riemannian product. 

Proof. Consider in the second equation of (10) that V, W are orthogonal vector fields tangent to 
F such that gM{V, U) ^ 0, gnf(W, U) ^ 0, and Tt(W) = 0. Then g F (V, W) = 0. Since P is parallel 
on F with respect to the Levi-Civita connection on F, we have VyP = 0, so the second equation 
of (10) becomes: 

Ric F (V ,, W) = bf 4 g F (V ,, U)g F {W ., U). (22) 

Taking in consideration the different domains of definition of the functions that appear in the 
equation (22), we obtain that / is constant. □ 


4 Generalized quasi-Einstein warped products with a semi-symmetric 
non-metric connection 


4.1 Ricci curvature and scalar curvature 

In this section, we compute Ricci curvature and scalar curvature of generalized quasi-Einstein 
warped products with a semi-symmetric non-metric connection. 

Proposition 4.1. Let M = B x f F be a generalized quasi-Einstein warped product, dim!? = 
ni, dimP = ri2, dimA! = n = n\ + n, 2 , X,Y £ T(TB), V,W £ T(TF), and P £ r(T!?). 

1) If U\ £ T(TB), U 2 £ T (TB), then 


Ric B (X , Y) = ag B (X , Y) - n 2 [ gflCpO + g (y, X7 x P) - tt(X)tt(Y) 
bg B (X, Ui)g B (Y, U,) + cg B (X , U 2 )g B {Y , U 2 ), 

Rio* (V,W) = g F (V,W)[fA B f + (1 - n 2 )\grad B f\% + (1 - n)fPf + af 2 ]. 

2) If U\ £ r(TP), U 2 £ r(TP), then 

r m B (X, Y) = ag B {X , Y) - n 2 [ gfltpO + g(Y, V X P) ~ 7r(X)7r(F)], 

Ric F {V, W) = g F (V, W) [fA B f + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 ] 
bf 4 g F (V, lh)g F (W, Ui) + cf 4 g F (V, U 2 )g F (W, U 2 ). 

3) If U\ £ T(TB), U 2 £ T(PP), then 

rg^(A-.y) 


Ric (X, Y) = ag B (X, Y) - n 2 + g (y, V X P) - ir(X)n{Y) 

+ bg B (X,U 1 )g B (Y,U 1 ), 

Ric F (V, W) = g F (V, W) [fA B f + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 ] 
+ c f 4 g F (V, U 2 )g F (W, U 2 ). 


(23) 


(24) 


(25) 


Proof. 1) Since M is generalized quasi-Einstein, we have Ric(X, Y) = ag B (X , Y)+bg B (X , Ui)g B (Y , U\) 
+ cg B (X, U 2 )g B {Y , t/ 2 ), then use Lemma 2.6(1) we get the first equation of (23). 

Since M is generalized quasi-Einstein, we have Ric(V, W) = af 2 g F (V, W) + bg(V, U\)g(W, U\) + 
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cg{y, U 2 )giW , U 2 ) = af 2 gp(V, W ), then use Lemma 2.6(3) we get the second equation of (23). 

2) Since M is generalize quasi-Einstein, we have Ric(X,Y) = ags{X,Y ) + bg(X,Ui)g(Y,Ui) + 
cg{X,U 2 )g(Y,U 2 ) = ags{X,Y ), then use Lemma 2.6(1) we get the first equation of (24). 

Since M is generalize quasi-Einstein, we have Ric(V, W) = a/ 2 g F (U , W)+bf 4 gp(V, C/i)g F (fU, C/i) + 
cf 4 gF(V 7 U 2 )gF(W 7 U 2 ), then use Lemma 2.6(3) we get the second equation of (24). 

3) Since M is generalize quasi-Einstein, we have Ric(X,Y ) = ags(X,Y) + bg{X,U\)g{Y,U\) + 
cg{X,U 2 )g{Y,U 2 ) = ags{X,Y) + bgB{X,U\)gB[Y,Ui), then use Lemma 2.6(1) we get the first 
equation of (25). 

Since M is generalize quasi-Einstein, we have Ric(V,W) = af 2 gp(V,W) + bg(V,Ui)g(W,Ui) + 
cg(V,U 2 )g{W,U 2 ) = af 2 gp{V,W) + cf 4 gp(V, U 2 )gF(W, C/ 2 ), then use Lemma 2.6(3) we get the 
second equation of (25). □ 

Using the same method, we can get the following Proposition: 

Proposition 4.2. Let M = B xf F be a generalized quasi-Einstein warped product, dimP = 

rii, dimP = ri 2 , dimM = n = ni + 712 , X, Y £ T(TB), V,W € T(TF ), and P £ T(TF). 

1) //C/i £ P(TP), U 2 £ r(TP), then 

' Ric B {X,Y) = ag B (X, Y) - n 2 + bg B (X, t/i)gs(X, C/i) + cg B (X, U 2 )g B (Y , C/ 2 ), 

< Ric F {V,W) = g F (V,W)[fA B f + (1 - n 2 )\grad B f\ 2 B + af 2 ] + (1 -n)g(W,V v P) (26) 

+ (n — l)7r(U)7r(lU). 

2) Iflh £ T(TF), U 2 £ T(TF), then 

{ Ric B (X, Y) = ag B (X, Y) — n 2 H ^f Y) , 

l Ric F (V , W) = g F {V, W) [fA B f + (1 - n 2 )\grad B f\ 2 B + af 2 } + (1 - n)g(W, VyP) (27) 

( + (n - 1 )t t{V)f(W) + bf 4 g F (V, lh)g F (W, lh) + cf 4 g F (V, U 2 )g F (W, C/ 2 ). 

3) IfUl £ r {TB), U 2 £ r(TF), then 

[ Ric B (X, Y) = ag B (X,Y) - n 2 ^f n + bg B (X , lh)g B {Y,lh), 

l Ric F (V ., 1U) = g F (U, WO [/A s / + (1 - n 2 )\grad B f\ 2 B + af 2 ] + (1 - n)g(fU, VyP) (28) 
[ + (n - l)7r(V)7r(W0 + cf 4 g F {V, C/ 2 )g F (W7, C/ 2 ). 

By Lemma 2.8, Proposition 4.1 and the definition of scalar curvature, we have: 

Proposition 4.3. Let M = B x f F be a generalized quasi-Einstein warped product, dimP = 
n\, dimP = n 2 , dimM = n = n\ + n 2 , X, Y £ T(TB), V, W £ r (TF), and P £ T(TB). 

1) IfUi £ r(TP), U 2 £ r(TP), t/ien 

! T7 M — , 

b = na + b + c; 

S' 3 = n\a + 772 — n 2 divsP + n 2 7r(P) + 5 + c; (29) 

= ^2 [/As/ + (1 - n 2 ) | grads/H + (! - n)fPf + af 2 ]. 

2) //Pi £ r(TF), C/ 2 £ r(TP), then 

! -n M — 

b = na + b + c; 

S B = nia + — n 2 divBP + n2^(P); (30) 

^ = n 2 [/As/ + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + a/ 2 ] + C/ 2 + c/ 2 . 
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( 31 ) 


3) If U\ G T(TB), U 2 G T(TF), then 

{ -n M — , 

b = na + b + c; 

S B = n\a + — n 2 div B P + n 2 ir(P) + 6; 

S F = n 2 [f A B f + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 ] + c/ 2 . 

Similarly we have: 

Proposition 4.4. Let M = BXfF be a generalized quasi-Einstein warped product, dim!? = 
m, dim F = n 2 , dimM = n = m + n 2 , X,Y eT(TB), V,W G T(TF), and P GF(TF). 

1) IfUl G T(TP), U 2 G r(TS), f/ierc 

■ 75 M _ 

o = na + o + c; 

< <S B = nia + n 2 —^~ + b + c; (32) 

S F = n 2 [fA B f + (1 - n 2 )\grad B f\ 2 B + a/ 2 ] + (1 - n)div F P + (n - l)7r(P). 

2) If If G r(TF), U 2 G T(TF), then 

o = na + o + c; 

5 s = ma + n 2 ^jl-] 

S F = n 2 [/A s / + (1 - n 2 )|grad s /|| + a/ 2 ] + (1 - n)div F P + (n- 1)7r(P) + 6/ 2 + c/ 2 . 

(33) 

3) IfUi G T(PP), U 2 G T(PP), t/ierc 

! -=;M — , 

o = na + b + c; 

S s =mo + n 2 Y+^; (34) 

= n 2 [fA B f + (1 - n 2 )\grad B f\ 2 B + a/ 2 ] + (1 - n)div F P + (n - 1)7r(P) + c/ 2 . 

4.2 Obstructions to the existence of generalized quasi-Einstein warped 
products with a semi-symmetric non-metric connection 

In this section, we prove some obstructions to the existence of generalized quasi-Einstein warped 
products with a semi-symmetric non-metric connection. We consider the following six cases: 


4.2.1 When P £ T(TB), U x £ T(TB), U 2 £ T(TB). 

In the second equation of (23), let: 

/A s / + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + af 2 A a 3 . 

Then the equation (23) becomes: 

Y) = ag B (X , Y) - n 2 [ /fell + g(Y, V* P) ~ 7t(X)tt(Y) 
+ bg B (X , lh)g B <y, Ut) + cg B (X , U 2 )g B {Y, U 2 ), 
R^ F (V,W)=a 3 g F (V,W), 

/A s / + (1 - n 2 )\grad B f\ B + (1 - n)fPf + af 2 = a 3 . 


(35) 


(36) 
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Theorem 4.5. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dim_B = n\ ^ 1, dimT = n 2 ^ 2, dimM = n = n i + n. 2 , P £ T(TB) and 
U\ £ F (TB), U 2 € r(Ti3). If n\ = 1, div B P = C\ and 7r(P) = C 2 are both constants, then M is a 
sample Riemannian product. 


Proof. If ni = 1, then S = 0, by the second equation of (29) and div B P = 


n i An/ . j . 

0 = a + ri 2 —— - n 2 ci + n 2 c 2 +b + c 


A B f a + b + c A 

= ci - c 2 - 


f n 2 

Then the Laplacian has constant sign and hence / is constant. 


Ci, 7r(P) = c 2 we get 
c 0 => A B f = c 0 /. 

□ 


Theorem 4.6. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimB = n\ ^ 2, dimT = n 2 ^ 2, dimM = n = n± + n 2 , P £ T(TB) and 
U\ £ T(TB), U 2 £ T(TB). If a ^ 0 and Pf ^ 0, then M is a sample Riemannian product. 


Proof. Let z £ B such that f(z) is the maximum of / on B. Then grad B f(z) = 0 and A B f(z) ^ 0. 
So Pf(z) = g(grad B f(z),P) = 0. Writing the equation (35) in the point z we obtain: 

f(z)A B f(z)+af 2 (z) = a 3 . (37) 

By equations (35) and (37), we have: 

/(-) a b/(z) + a/ 2 (z) = /A s / + (1 - n 2 )\grad B f\ 2 B + (1 - n)fPf + a/ 2 

=> /As/ = f(z)A B f(z) + (n 2 - l)\grad B f\ 2 B + (n - 1 )fPf + a[f 2 (z) - f 2 ] >0 
Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 4.7. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimB = ni ^ 2, dimT = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TB) and 
U\ £ T(TB), U 2 £ r (TB). If a < 0, Pf ^ 0, and S ^ 0, then M is a sample Riemannian 
product. 

_ p _ p 

Proof. From the third equation of (29) and the equation (35), we get S = n 2 a 3 . Since S ^ 0, it 
follows that a 3 ^ 0. Then the equation (35) becomes: 

/A s / + af 2 =a 3 + (n 2 - l)\grad B f\ B + (n - 1 )fPf ^ 0 

=> /A s / + a/ 2 > 0 => A B f ^ - af > 0. 

So / is constant. □ 


4.2.2 When P £ T(TB), U 3 € T(TF), U 2 £ T(TF). 

Theorem 4.8. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimB = ni ^ 1, dinrF = n 2 ^ 2, dimM = n = ni + n 2 , P £ T(TB) and 
U\ £ T(TF ), U 2 £ r (TF). Ifni = 1, div B P = Ci and it (P) = c 2 are both constants, then M is a 
sample Riemannian product. 
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Proof. If ni = 1, then S B = 0, by the second equation of (30) and divsP = ci, 7r(P) = C 2 we can 
get 

^ bJ cl a at* t* 

0 = a + n 2 —-n 2 ci + n 2 c 2 =>■ —— = c L - c 2 -= c 0 =>■ A B J = c 0 /. 

/ / 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 4.9. Let M = B x f F be a generalized quasi-Einstein warped product, diml? = ni ^ 
2, dimF = n 2 > 2, dimM = n = m + n 2 , P G T(TS) and Ui G T(TF), U 2 G T(TF). If b ^ 0 or 
c ^ 0, f/ien M is a sample Riemannian product. 

Proof. Consider in the second equation of (24) that V) VC are orthogonal vector fields tangent to F 
such that g M {V, lh) ± 0, g M {W, lh) ^ 0 or g M {V, U 2 ) + 0, g M {W, U 2 ) ± 0. Then g F (V , VF) = 0, 
and we have 

m F (V : W) = bf 4 g F (V, Ui)g F (W, lh), (38) 

or 

m F (V, W) = cfg F (V, U 2 )g F (W ., t/ 2 ). (39) 

Taking in consideration the different domains of definition of the functions that appear in the 
equation (38) or (39), we obtain that / is constant. □ 

4.2.3 When P £ T(TB), J7i € T(TB), U 2 £ T(TF). 

Theorem 4.10. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimF = ni ^ 1, dimF = n 2 ^ 2, dimM = n = ni + n 2 , P G T(TB) and 
U\ G T(TB), U 2 G T(TF). Ifni = 1, div F P = ci and 7r(P) = c 2 are both constants, then M is a 
sample Riemannian product. 

Proof. If ni = 1, then S B = 0, by the second equation of (31) and div F P = Ci, 7r(P) = c 2 we get 

0 = a + n 2 —-- n 2 C\ + n 2 c 2 + b =>• —— = Ci - c 2 -= c 0 => A B f = c 0 f. 

f f n 2 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 4.11. Let M = B x f F be a generalized quasi-Einstein warped product, dimF = ni ^ 
2, dimF = n 2 ^ 2, dimM = n = n\ + n 2 , P G T(TB) and U\ G T(TB), U 2 G T(TF). If c ^ 0, 
then M is a sample Riemannian product. 

Proof. Consider in the second equation of (25) that V, W are orthogonal vector fields tangent to 
F such that gM{V, U 2 ) ^ 0, 3 m(VC, U 2 ) ^ 0. Then g F (V, W) = 0, and we have 

m F (V, W) = cf 4 g F (V, U 2 )g F (W ., U 2 ). (40) 

Taking in consideration the different domains of definition of the functions that appear in the 
equation (40), we obtain that / is constant. □ 
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4.2.4 When P £ T(TF), U x € T(TB), U 2 & T(TB). 

In the second equation of (26), let: 

/As/ + (1 - n 2 )\grad B f\ B + a/ 2 = a 4 . (41) 

Then the equation (26) becomes: 

P Rfc B (X,Y ) = ag B (X,Y) +bg B {X,U 1 )g B (Y,U 1 ) + cg B (X,U 2 )g B {Y,U 2 ), 

l RTc F (F, W) = a 4 g F (V, W) + (1 - n)ff(W, VyP) + (n - l)7r(F)7r(W), (42) 

[/A s / + (1 ^ n 2 )\grad B f\ 2 B + af 2 = a 4 . 

Theorem 4.12. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimP = n\ Js 1, dimP = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TF) and 
U\ £ T(TB), U 2 £ T(TB). If ni = 1 , then M is a sample Riemannian product. 


Proof. If ni = 1, then S B = 0, by the second equation of (32) we can get 


n I A s/,,, ^ As/ a+b+c A 

0 = a + n 2 —--(- o + c 


/ f n 2 

Then the Laplacian has constant sign and hence / is constant. 


= c 0 =>■ As/ = c 0 /. 


□ 


Theorem 4.13. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dim!? = ni ^ 2, dimP = n 2 ^ 2, dim M = n = n 4 + n 2 , P £ T(TF) and 
U\ £ T(TB), U 2 £ T(TB). If a ^ 0, then M is a sample Riemannian product. 


Proof. Let z £ B such that f(z) is the maximum of / on B. Then grad B f(z) = 0 and A B f(z) ^ 0. 
Writing the equation (41) in the point z we obtain: 

f(z)A B f(z) + af 2 (z) = a 4 . (43) 

By equations (41) and (43), we have: 

f{z)A B f(z) + af 2 {z) = /As/ + (1 - n 2 )\grad B f\ 2 B + af 2 

=> /As/ = f(z)A B f{z) + (n 2 - l)\grad B f\% + a[f 2 {z) - f 2 ] > 0 
Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 4.14. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimP = n± ^ 2, dimP = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TF) and 
U\ £ T(TB), U 2 £ T(TB). If a < 0, div F P = 0, 7r(P) = 0, and S F ^ 0, then M is a sample 
Riemannian product. 


Proof. Consider that div F P = 0, 7r(P) = 0, then from the third equation of (32) and the equation 
(41), we get S F = S 2 a 4 . Since S F > 0, it follows that a 4 ^ 0. Then the equation (41) becomes: 

/As/ + af 2 = a 4 + (n 2 - l)\grad B f\ 2 B > 0 => fA B f + af 2 > 0 => A B f ^ -af > 0. 

So / is constant. □ 
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4.2.5 When P £ T(TF), U x E T(TF), U 2 E T(TF). 


Theorem 4.15. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimP = n i ^ 1, dimP = n 2 ^ 2, dimM = n = n\ + n 2 , P £ T(TF) and 
U\ G T(TF), U 2 G T(TF). If n\ = 1, £/ien M is a sample Riemannian product. 

Proof. If ni = 1, then S B = 0, by the second equation of (33) we can get 

r, . A B f A B f O' a , AT* f 

0 = a + n 2 —— => —— = -= c 0 =>- A B f = c 0 f. 

f f n 2 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 4.16. Let M = B x f F be a generalized quasi-Einstein warped product, dimP = n\ ^ 
2, dimP = n 2 ^ 2, dimM = n = m+n 2 , P G T(TF) and Ui G T(TF), U 2 G T(TF). If b ^ 0 or 
c ^ 0, and P is parallel on F with respect to the Levi-Civita connection on F, then M is a sample 
Riemannian product. 

Proof. Consider in the second equation of (27) that V , W are orthogonal vector fields tangent to 
F such that gm(V, lh) ± 0, gM{W, Pi) ± 0 and tt(W) = 0, or g M (V, U 2 ) 0, g M {W ,, U 2 ) ^ 0 and 

ir(W) = 0, Then g F (V, W) = 0. Since P is parallel on F with respect to the Levi-Civita connection 
on F, we have VyP = 0, so the second equation of (27) becomes: 

Ric F (V , W) = bf 4 g F (V ., U 1 )g F (W, Pi), (44) 

or 

Ric F (V , W) = cf 4 g F (V ,, U 2 )g F (W 1 U 2 ). (45) 

Taking in consideration the different domains of definition of the functions that appear in the 
equation (44) or (45), we obtain that / is constant. □ 

4.2.6 When P £ T{TF), U ± E T(TB), U 2 E T(TF). 

Theorem 4.17. Let M = B x f F be a generalized quasi-Einstein warped product with B compact 
and connected, dimP = ni ^ 1, dimP = n 2 ^ 2, dimM = n = n\ + n 2 , P G T(TF) and 
Pi G T(TB), U 2 G r(TP). If ni = 1, then M is a sample Riemannian product. 

Proof. If ni = 1, then S B = 0, by the second equation of (34) we can get 

n , A b/ , j. . A b/ a + b A a £ t 

0 = a + n 2 — -1- o => —— =-= c 0 => A B f = c 0 f. 

f f n 2 

Then the Laplacian has constant sign and hence / is constant. □ 

Theorem 4.18. Let M = B x f F be a generalized quasi-Einstein warped product, dimP = ni ^ 
2, dimP = ?72 ^ 2, dimM = n = ni+n 2 , P G L(TP) and U\ G T(TB), U 2 G T(TP). If c 0, and 
P is parallel on F with respect to the Levi-Civita connection on P, then M is a sample Riemannian 
product. 
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Proof. Consider in the second equation of (28) that V, W are orthogonal vector fields tangent to F 
such that gM{V, U 2 ) ^ 0, gnf(W, U 2 ) 0 and 7 t(W) = 0, Then g F (V, W) = 0. Since P is parallel 

on F with respect to the Levi-Civita connection on F, we have VyP = 0, so the second equation 
of (28) becomes: 

Ric F (V, W) = cf 4 g F (V, U 2 )g F (W ., U 2 ). (46) 

Taking in consideration the different domains of definition of the functions that appear in the 
equation (46), we obtain that / is constant. □ 

Acknowledgement. We would like to thank the referee for his (her) careful reading and helpful 
comments. 
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